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1. Introduction
In the last time there was a great deal of interest in the stabilization of
the Maxwell–Bloch equations from laser-matter dynamics, with n 6 2
controls. We can remind here the results of David and Holm [1] and
myself [3,4].
The goal of this paper is to analyze more closely this problem and to
point out some new results concerning its dynamics and geometry.
2. Maxwell–Bloch equations with one control
The real valued 3-dimensional Maxwell–Bloch equations from laser-
matter dynamics with one control about Ox1 axis can be written in the
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following form: 
x˙1 = x2 + u,
x˙2 = x1x3,
x˙3 =−x1x2,
(2.1)
where u ∈ C∞(R3,R) is the feedback control.
Some easy computations leads us to:
PROPOSITION 2.1. – The function C given by:
C(x1, x2, x3)= x22 + x23(2.2)
is a constant of motion.
PROPOSITION 2.2. – The trajectories of the system (2.1) evolve on the
cylinders
C = c, c > 0,
and they satisfy the following equations:
c˙= 0,
θ˙ =−x1,
x˙1 =√c cos θ + u,
(2.3)
where
c = x22 + x23 ; x2 =
√
c cos θ; x3 =√c sin θ.
3. Stability results
In all that follows we shall employ the feedback control:
u=−x1 − x2 − x3 − x3(x22 + x23).(3.1)
Then we can prove:
THEOREM 3.1. – The closed-loop system x˙1 =−x1 − x3(x
2
2 + x23),
x˙2 = x1x3,
x˙3 =−x1x2,
(3.2)
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defined from the system (2.1) by the feedback control (3.1) is nonlinear
stable about the origin.
Proof. – Consider the function V defined by:
V (x1, x2, x3)= 12
[
x21 +
(
x22 + x23
)(
x22 + x23 + x2 + 1
)]
.
Clearly V is positive definite and moreover if we compute V˙ , the
derivative of V along the trajectories of the closed-loop system (3.2) we
get:
V˙ (x1, x2, x3)=−x21 ,
which is nonpositive and then our assertion follows via the Liapunov
theorem. 2
Following the Lassale’s principle [2] we can say that the trajectories of
our system (3.2) tend towards the largest invariant set contained in:{
(x1, x2, x3) ∈R3 | V˙ (x1, x2, x3)= 0}.
Now, along the plane x1 = 0 the components of the vector field which
defines the system (3.2) are:
−x3(x22 + x23 )
0
0
 .
Clearly, its largest invariant set in this plane is given by the line:{
x1 = 0,
x3 = 0.
On the other hand, the trajectories of the closed-loop system (3.2) evolve
on the cylinder of equation:
x22 + x23 = c, c > 0,(3.3)
so we can say that each trajectory tends towards the set:{
A−c ,A
+
c
}
,
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where A−c and A+c are the points of coordinates (0,−
√
c,0) and
respectively (0,
√
c,0). Now we can prove:
THEOREM 3.2. – We have the following description for the dynamics
of the closed-loop system (3.2) restricted to the cylinder (3.3):
(i) The point A−c is an equilibrium point which is locally asymptotically
stable.
(ii) There are two trajectories whose ω-limit set is {A+c }.
(iii) The ω-limit set of the points which are not on these trajectories is
equal to the point {A−c }.
Proof. – The equations of the system (3.2) when it is restricted to the
cylinder (3.3) are: {
θ˙ =−x1,
x˙1 =−x1 − c√c sin θ.(3.4)
Around the point A−c , the matrix of the linearized system is: 0 −1
c
√
c −1

which is asymptotically stable. This proves the first part of the theorem.
Around the point A+c , the matrix of the linearized system is: 0 −1
−c√c −1
 ,
which has two real eigenvalues of different signs. Locally, the point A+c
is a saddle point and this proves the second statement of the theorem.
Let X be the vector field for the system (3.4), {Φt } its flow and d a
distance on the cylinder (3.3). For a point M on the cylinder, if we have:
(∀)ε > 0, (∃)T > 0: d(ΦT (M),A+c )< ε(3.5)
then, since A+c is locally a saddle point, M leaves on one of the two
trajectories whose ω-limit set is A+c or it coincides with A+c itself. If (3.5)
is not true, then
(∀)ε > 0, (∃)T > 0: d(ΦT (M),A−c )< ε(3.6)
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and if ε is chosen sufficiently small, ΦT (M) lies in the basin of attraction
of the point A−c which proves that the ω-limit set of M is {A−c } and this
finishes the proof. 2
As a consequence we also obtain:
THEOREM 3.3. – The system (3.4), when it is restricted to an open
dense subset of the cylinder (3.3) (in fact the cylinder minus the point A+c
and the two trajectories of Theorem 3.2(ii)), is globally asymptotically
stable about A−c .
4. Concluding remarks
In this paper we have discussed the stability about Ox1 axis of the
closed-loop system (3.2) restricted to the cylinder (3.3).
Let us consider now the Maxwell–Bloch equations with one control
about Ox2 axis: 
x˙1 = x2,
x˙2 = x1x3 + u,
x˙3 =−x1x2.
(4.1)
It is an open problem to describe the stability picture for the restriction of
the system (4.1) to the paraboloid:
1
2
x21 + x3 = c,
where:
C(x1, x2, x3)= 12x
2
1 + x3
is a constant of motion for the dynamics (4.1).
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